We study the quantum Arnol'd diffusion for a particle moving in a quasi-1D waveguide bounded by a periodically rippled surface, in the presence of the time-periodic electric field. It was found that in a deep semiclassical region the diffusion-like motion occurs for a particle in the region corresponding to a stochastic layer surrounding the coupling resonance. The rate of the quantum diffusion turns out to be less than the corresponding classical one, thus indicating the influence of quantum coherent effects. Another result is that even in the case when such a diffusion is possible, it terminates in time due to the mechanism similar to that of the dynamical localization. The quantum Arnol'd diffusion represents a new type of quantum dynamics, and may be experimentally observed in measurements of a conductivity of lowdimensional mesoscopic structures.
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As is well known, one of the mechanisms of the dynamical chaos in the Hamiltonian systems is due to the interaction between nonlinear resonances [1] . When the interaction is strong, this leads to the so-called global chaos which is characterized by a chaotic region spanned over the whole phase space of a system, although large isolated islands of stability may persist. For a weak interaction, the chaotic motion occurs only in the vicinity of separatrices of the resonances, in accordance with the Kolmogorov-Arnol'd-Moser (KAM) theory (see, for example, Ref. [2] ). In the case of two degrees of freedom (N = 2), the passage of a trajectory from one stochastic region to another is blocked by KAM surfaces.
The situation changes drastically in many-dimensional (N > 2) systems for which the KAM surfaces no longer separate stochastic regions surrounding different resonances, and chaotic layers of the destroyed separatrices form a stochastic web that can cover the whole phase space. Thus, if the trajectory starts inside the stochastic web, it can diffuse throughout the phase space. This weak diffusion along stochastic webs was predicted by Arnol'd in 1964 [3] , and since that time it is known as a very peculiar phenomenon, however, universal for many-dimensional nonlinear Hamiltonian systems (see, for example, review [4] and references therein).
Recently, much attention has been paid to the chaotic dynamics of a particle in a rippled channel (see, for example, Refs. [5] [6] [7] [8] [9] ). The main interest was in the quantum-classical correspondence for the conditions of a strong chaos. Specifically, in Ref. [5] the transport properties of the channel in a ballistic regime were under study. Energy band structure, the structure of eigenfunctions and density of states have been calculated in [6, 7] . The quantum states in the channel with rough boundaries, as well as the phenomena of quantum localization have been analyzed in [9] . The influence of an external magnetic field for narrow channels was investigated in [8] . These studies may have a direct relevance to the experiments with periodically modulated conducting channels. In this connection one can mention the investigation [10] of transport properties of a mesoscopic structure (sequence of quantum dots) with the periodic potential formed by metallic gates.
In contrast with the previous studies, below we address the regime of a weak quantum chaos which occurs along the nonlinear resonances in the presence of an external periodic electric field. Our goal is to study the properties of the quantum Arnol'd diffusion which may be observed experimentally. The approach we use is based on the theory developed in Ref. [11] by making use of a simple model of two coupling nonlinear oscillators, one of which is driven by two-frequency external field.
We study the Arnol'd diffusion in a periodic quasi-one dimensional waveguide with the upper profile given in dimensionless variables by the function y = d + a cos x. Here x and y are the longitudinal and transverse coordinates, d is the average width, and a is the ripple amplitude. The low profile is assumed to be flat, y = 0. The nonlinear resonances arise due to the coupling between two degrees of freedom, with the following resonance conditions,
Here T y is the period of a transverse oscillation inside the channel, T x is the time of flight of a particle over one period of the waveguide, ω x and ω y are the corresponding frequencies, and η is the rational number. The mechanism of the classical Arnol'd diffusion in this system is illustrated in Fig. 1 .
Here some of the resonance lines for different values of η are shown on the ω x , ω y -plane.
Also, the curve of a constant energy is shown determined by the equation
Here E and m are the dimensionless kinetic energy and particle mass, respectively, which For the further analysis it is convenient to pass to the curvilinear coordinates x ′ i in which both boundaries are flat [12] . The covariant coordinate representation of the Schrödinger equation has the following form,
where g ik is the metric tensor, g ≡ det(g ij ).
Here we use the units in which the Plank's constant and effective mass are equal to unity. As a result, the new coordinates are
where ǫ = a/d. In these coordinates the boundary conditions are ψ(
and the metric tensor is
with the orthonormality condition,
If the ripple amplitude a is small compared to the channel width d, than keeping only the first-order terms in ǫ in the Schrödinger equation (3), we obtain the following Hamilto-
Here and below we omitted primes in coordinates x ′ and y ′ .
Since the Hamiltonian is periodic in the longitudinal coordinate x, the eigenstates are Bloch states. This allows us to write the solution of the Schrödinger equation in the form By expanding Φ k (x, y) in the double Fourier series the eigenstates can be written as
where
are the eigenstates of the unperturbed HamiltonianĤ 0 (x, y) with the corresponding eigen-
for the considered case with L ≫ 2π. Now we proceed to solve the system of algebraic equations for the coefficients c k nm ,
Here the matrix elements are
Following Refs. [11] , we analyze the dynamics in the vicinity of the main coupling resonance η = 1 which is determined by the condition ω n 0 = ω m 0 where apart from the indicated above. The properties of the energy spectra and eigenstates for specific values k = ±1/2 and k = 0 will be discussed elsewhere.
In the vicinity of the resonance it is convenient to introduce new indexes r = n − n 0 and p = r + (m − m 0 ). Then, instead of the system (13) we obtain,
Here we count energy E(k) from the level E
Numerical calculation of the solution of these equation gave the following results. First, as in Ref. [11] , the energy spectrum consists of a number of Mathieu-like groups corresponding to the coupling resonance. These groups are separated one from another by the energy ω n 0 .
The structure of energy spectrum in each group is typical for a quantum nonlinear resonance.
Inside the resonance, the lowest levels are practically equidistant, the accumulation point corresponds to the classical separatrix and all states are non-degenerate. The states above the separatrix are quasi-degenerate due to to the rotation in opposite directions.
In accordance with the spectrum structure it is convenient to characterize the states at coupling resonance by two indexes: group number q and s -level number inside the group.
Correspondingly, the energy of each group can be written as follows,
where E M q,s is the Mathieu-like spectrum for one group. The indexes q and s correspond to fast and slow variables characterizing the motion inside the classical coupling resonance.
Let us consider now the dynamics of a charged particle in the rippled channel in the presence of the time dependent electric field described by the potential V (y, t) = −f 0 y(cos Ω 1 t + cos Ω 2 t). We assume that the frequencies Ω 1 and Ω 2 are chosen to fulfill the condition ω n 0 = (Ω 1 + Ω 2 ) /2 in order to provide equal driving forces for a particle inside the stochastic layer of the separatrix under consideration. Specifically, we take, ω n 0 = 400, Ω 1 = 350, Ω 2 = 450, therefore, the period T of the perturbation is,
Since the total Hamiltonian is periodic in time, one can write the solution of the nonstationary Schrödinger equation as ψ(x, y, t) = exp (−iǫ Q t) u Q (x, y, t), where u Q (x, y, t) is the quasienergy (QE) function and ǫ q is the quasienergy. As is known, the QE functions are the eigenfunctions of the evolution operatorÛ (T ) of the system for one period of the perturbation. The procedure to determine this operator was described in details in Ref. [11] .
The matrix elements U q,s,q ′ ,s ′ (T ) of the evolution operator can be calculated by means of the numerical solution of the non-stationary Schrödinger equation. Then, the evolution matrix U q,s,q ′ ,s ′ (NT ) for N periods can be easily obtained.
Our goal is to analyze the dynamics of a particle placed inside the separatrix under the condition that the coupling and two driving resonances do not overlap. The evolution of any initial state can be computed using the evolution matrix as follows, In Fig. 2 typical dependencies of the variance ∆H 2 = ω 2 n 0 ∆ q of the energy are shown versus the time measured in the number N of periods of the external perturbation, for different initial conditions. The quantity ∆ q is defined as follows,
The data clearly demonstrate a different character of the evolution of the system in dependence on the initial state. For the state taken from the center of the coupling resonance, as well as above the separatrix, the variance oscillates in time, in contrast with the state taken from inside the separatrix. In the latter case, after a short time the variance of the energy increases linearly in time, thus manifesting a diffusion-like spread of the wave packet.
In order to characterize the speed of the diffusion, we have calculated the classical diffusion coefficient D cl for the coupling resonance η = 1, in the comparison with the quantum one, D q , for different goffer amplitude and initial wave number k = 0; ±1/2, see Fig. 3 .
It was found that the quantum Arnol'd diffusion roughly corresponds to the classical one.
However, one can see a systematic deviation which indicates that the quantum diffusion is weaker than the classical Arnol'd diffusion. This deviation is due to the influence of coherence quantum effects which can be very strong even in a deep semiclassical region. As was shown in Ref. [13] , these stabilizing quantum effects are enhanced for the motion inside narrow stochastic layers surrounding the nonlinear resonances. This effect is due a relatively small number M s of quantum states belonging to the region of the separatrix, the fact which is crucial in the study of the quantum-classical correspondence for the systems with a weak chaos in the classical limit. In this connection it is instructive to estimate the number of the energy states that occupy the separatrix layer in our calculations. We have found that for a = 0.01 of the amplitude characterizing the upper profile of the waveguide, the number of stationary states in the separatrix chaotic layer is about M s ≈ 10, therefore, one can treat our results semiclassically. Our additional calculation has shown that with the decrease of the amplitude a, the number M s decreases, and for 1/ √ a ≈ 20 this number is of the order one. For this reason the last right point in Fig. 3 corresponds to the situation when the chaotic motion along the coupling resonance is completely suppressed by quantum effects. This effect is known as the "Shuryak border" [13] ) which establishes the conditions for a complete suppression of classical chaos.
Since the diffusion along the coupling resonance is effectively one-dimensional, one can expect an Anderson-like localization which is known to occur in the presence of any weak disorder in low-dimensional structures. Indeed, the variance of the QE eigenstates of the evolution operator is finite in the q-space. This means that eigenstates are localized, and the wave packet dynamics in this direction has to reveal the saturation of the diffusion. More specifically, one can expect that the linear increase of the variance of the energy ceases after some characteristic time.
In order to observe the dynamical localization in our model (along the coupling resonance inside the separatrix layer), one needs to analyze a long-time dynamics of wave packets.
Our numerical study for large times (see curve (c) in Fig. 2 ) have revealed that after some time t ∼ 200T , the diffusion-like evolution terminates for all range of the amplitude a.
Specifically, on a large time scale the variance starts to oscillate around a mean value. This effect is of the same origin as the so-called dynamical localization which was discovered in the kicked rotor model [14, 15] . One should note that the dynamical localization is, in principle, different from the Anderson localization, since the latter occurs for the models with random potentials. In contrast, our model is the dynamical one (without any randomness), and a kind of pseudo-randomness is due to the quantum chaos mechanism.
In conclusion, we have studied the quantum Arnol'd diffusion for a particle in the quasi- Another important result is the observation of the dynamical localization of the Arnol'd diffusion, which is manifested by the termination of the diffusion on a large time scale.
We have briefly discussed the mechanism of this phenomenon, relating it with the famous Anderson localization known to occur in low-dimensional disordered structures. Thus, in addition to the Shuryak border, the dynamical localization is a new mechanism destroying the quantum Arnol'd diffusion.
Recently, the weak electron diffusion was observed experimentally [16] in superlattices with stationary electric and magnetic fields. At certain voltage, the unbounded electron motion along a stochastic web changes the conductivity of the system and results in a large increase of the current flow through the superlattice. Similarly, one can expect that electron Arnol'd diffusion inside resonance stochastic layers can increase the high frequency conductivity of a rippled channel, and can be detected experimentally.
